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Dualising consistent truncations
Emanuel Malek1∗
We use exceptional field theory to establish a duality
between certain consistent 7-dimensional truncations
with maximal SUSY from IIA to IIB. We use this tech-
nique to obtain new consistent truncations of IIB on S3
and H p,q and also give a no-go theorem for the uplift of
certain gaugings.
1 Introduction
The consistent Kaluza-Klein truncation of higher-dimen-
sional supergravity to lower-dimensional theories is an
old and generically difficult problem due to the highly
non-linear gravitational field equations [1]. In the case
of truncations on group manifolds via a Scherk-Schwarz
Ansatz, consistency follows from the group structure.
However, consistent reductions can also be obtained
without compactifying on a group manifold, as is the
case for the sphere reductionsof 11-dimensional SUGRA [2–
4]. Recent progress in understanding these consistent
truncations has come via generalised Scherk-Schwarz re-
ductions [5–10] in double field theory (DFT) [11] and
exceptional field theory (EFT) [12], and their associated
generalised geometries [13].
In [14] we use this framework to establish a duality re-
lating consistent IIA and IIB truncations for certain gaug-
ings ofmaximal 7-dimensional supergravity.We then em-
ploy this duality to derive new consistent truncations
of type IIB theory on the three sphere S3, as well as
on hyperboloids H p,q , which lead to compact SO(4),
non-compact SO(p,q) and non-semisimple CSO(p,q,r )
gaugings.
2 Seven-dimensional maximal gauged
SUGRA
Maximal seven-dimensional gauged SUGRA can be con-
veniently formulated using the embedding tensor for-
malism [15],whichdescribes the embeddingof the gauge
group into the global symmetry group of the ungauged
theory, in this case SL(5). Let us denote fundamental
SL(5) indices by a¯, b¯ = 1, . . .5 and observe that the gauge
group can at most be 10-dimensional because there
are only 10 vector fields in seven-dimensional maximal
SUGRA. If we denote by X a¯b¯ the 10 generators of the
gauge group and tα the generators of SL(5), we have
X a¯b¯ = θa¯b¯
αtα , (1)
whereα labels the adjoint of SL(5) and θa¯b¯
α is the embed-
ding tensor.
Consistency of the seven-dimensional theory requires
the embedding tensor to satisfy two constraints. The lin-
ear constraint restricts the representations in which the
embedding tensor must lie:
θa¯b¯
α
∈ 15⊕40
′
⊕10⊂ 10⊗24 , (2)
and ensures supersymmetry. We will denote these irreps
by Sa¯b¯ , Z
a¯b¯,c¯ and τa¯b¯ for the 15, 40
′ and 10, respectively.
Let us note that gaugings in the 10, known as “trombone
gaugings”, lead to gauged SUGRAs which can only be de-
fined at the level of the equations of motion since they
do not admit an action principle [19]. The quadratic con-
straint ensures closure of the gauge group
[
X a¯b¯ ,X c¯ d¯
]
=−
(
X a¯b¯,c¯ d¯
)e¯ f¯
X e¯ f¯ , (3)
where
(
X a¯b¯
)
c¯
d¯
=
1
2
ǫa¯b¯c¯ e¯ f¯ Z
e¯ f¯ ,d¯
+2δd¯[a¯ Sb¯]c¯ +
1
3
δd¯c¯ τa¯b¯ +
2
3
δd¯[a¯τb¯]c¯ ,
(4)
and ǫa¯b¯c¯d¯ e¯ = ǫ
a¯b¯c¯d¯ e¯ = ±1 is the 5-d alternating symbol.
Here we will primarily be interested in the scalar sec-
tor of the gauged SUGRA, which parameterises the coset
space SL(5)/SO(5) and can thus be represented by a unit-
determinant 5×5matrix Ma¯b¯ . In addition, the theory also
∗ E-mail: E.Malek@lmu.de
1 Arnold Sommerfeld Center for Theoretical Physics,
Ludwig-Maximilians-Universität München, Theresienstraße 37,
80333 München, Germany.
Copyright line will be provided by the publisher 1
E. Malek: Dualising consistent truncations
contains 10 vectors Aµ
a¯b¯ , five two-formsBµν a¯ , five three-
formsCµνρ
a¯ and the seven-dimensional metricGµν.
Interestingly, the quadratic constraint (3) allows for
two inequivalent types of CSO(p,q,r ) gaugings [15]. The
first is triggered by gaugings in the 15 and is obtained by
truncatingM-theory on the hyperboloid H p,q×T r , while
the second is triggered by certain gaugings in the 40′ and
is believed to be related to truncations of IIB supergravity
on H p,q×T r . Wewill now use EFT [12] to show that these
IIA / IIB truncations can be dualised into each other.
3 Generalised Scherk-Schwarz
truncations
Our key tool for studying seven-dimensional consistent
truncations is the SL(5) EFT [12]. This is a reformulation
of 11- and 10-dimensional supergravity which renders
manifest the SL(5) symmetry known to appear under di-
mensional reduction to seven dimensions. In order to do
this, extra coordinates are introduced so that there are 10
“internal coordinates” Y ab transforming in the antisym-
metric representation of SL(5). In the case of a toroidal
compactification of 11-dimensional supergravity, the ex-
tra six coordinates can be understood as duals to the
wrappingmodes of membranes.
With respect to the seven-dimensional “external” space-
time, the degrees of freedom of 11- and 10-dimensional
supergravity coincide with those of the maximal gauged
SUGRA and we denote them by the same symbols in cal-
ligraphic font: M ab , Aµ
ab , Bµνa and Cµνρ
a , Gµν. These
fields can depend on all of the external coordinates, xµ,
but their dependence on the internal coordinates, Y ab ,
is restricted by the so-called “section condition” [18]
∂[ab f (x,Y )∂cd]g (x,Y )= ∂[ab∂cd] f (x,Y )= 0, (5)
for all physical fields which we symbolically denote here
by f (x,Y ) and g (x,Y ). The section condition can be
solved by only allowing dependence on four coordinates
Y i5 where i = 1, . . .4 upon which the theory reduces to
the full 11-dimensional supergravity.
Here we wish to consider the type II theories and so it
is useful to decompose SL(5)→ SL(4)≃ Spin(3,3), the rel-
evant “T-duality” group. The coordinate representation
then splits as 10 → 6⊕ 4 where the 6 consists of the 3
coordinates of IIA plus the 3 coordinates of IIB. Thus to
consider only the type II theories, we restrict the coordi-
nate dependence to the 6 by demanding all fields to be
independent of Y α5, where α = 1, . . .4. Now the section
condition reduces to
∂αβ f (x,Y )∂
αβg (x,Y )= ∂αβ∂
αβ f (x,Y )= 0, (6)
where we define ∂αβ = 12ǫ
αβγδ∂γδ. There are two inequiv-
alent solutions to this constraint, where all fields only de-
pend on either
ym ≡ Y m4 (IIA) , or y˜m ≡
1
2
ǫmnp Y
np (IIB) , (7)
with m = 1, . . . 3. Upon restricting the field dependence
as above, the EFT reduces to either IIA or IIB SUGRA, as
has been shown for the scalar sector in [20], and for the
full EFT in other dimensions, for example in [21] for the
E7(7) EFT. An important observation for what follows is
that these two solutions of the section condition are re-
lated by the Z2 outer automorphism of SL(4) which takes
∂αβ←→ ∂
αβ.
Given this framework, a natural way to generalise
the Scherk-Schwarz Ansatz is to allow for a SL(5)-valued
twistUa
a¯(Y ) of the EFT fields, as follows [10]
Mab (x,Y )=Ua
a¯ (Y )Ub
b¯(Y )Ma¯b¯(x) ,
Gµν(x,Y )= ρ
−2(Y )Gµν(x) ,
Aµ
ab(x,Y )= ρ−1(Y )Aµ
a¯b¯(x)Ua¯b¯
ab(Y ) ,
Bµνa (x,Y )= ρ
−2(Y )Bµν a¯ (x)Ua
a¯ (Y ) ,
Cµνρ
a (x,Y )= ρ−3(Y )Cµνρ
a¯(x)Ua¯
a(Y ) ,
(8)
whereρ(Y ) is some scalar function andUa¯ b¯
ab =Ua¯
[aUb¯
b].
The metric and p-form fields in the internal directions
can be read off from Mab , with the explicit formulae
given in [14], while the remaining degrees of freedom of
the 10- or 11-dimensional supergravity are encoded in
Aµ
ab , Bµνa and Cµνρ
a .
This Ansatz leads to a maximal gauged SUGRA with
the embedding tensor as a function of the twists [7],
which must be nowhere vanishing. In particular, the em-
bedding tensor is realised as the torsion of the flat con-
nection of the extended space [13,16,17]
Sa¯b¯ =
1
ρ
∂abU(a¯
aUb¯)
b ,
Z a¯b¯,c¯ =
1
2ρ
ǫabce f
(
Ue f
a¯b¯ ∂abUc
c¯
−Ue f
[a¯b¯ ∂abUc
c¯]
)
,
τa¯b¯ =−
1
2ρ
(
∂cdUa¯b¯
cd
−6ρ−1Ua¯b¯
cd ∂cdρ
)
.
(9)
One can show that the reduction is consistent if the em-
bedding tensor is constant [5–7], thus providing a set of
differential equations which have to be solved for the
twists Ua
a¯ (Y ) and ρ(Y ). A sufficient requirement for the
embedding tensor to satisfy the quadratic constraint is
that the twists obey the section condition.
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Having reviewed the set-up for generalised Scherk-Schwarz
truncations, let us now turn to the question of whether
and when truncations of IIA have dual truncations of IIB
and vice versa. To do so, let us decompose the embed-
ding tensor under SL(5)→ SL(4)≃ Spin(3,3) to find
15→ 10⊕4⊕1 , 10′→ 6⊕4 ,
40
′
→ 20
′
⊕10
′
⊕6⊕4
′ .
(10)
Let us for now make a GL(4) Ansatz for the twist ma-
trix
Ua
a¯
=
(
ω−1/2Vα
α¯ 0
0 ω2
)
, |V | = 1. (11)
From (9) one finds that this only generates non-zero
gaugings in the 10’s and 6’s:
Sα¯β¯ ≡Mα¯β¯ = ρ
−1ωV(α¯
α∂|αβ|Vβ¯)
β ,
Z 5¯(α¯,β¯) ≡ M˜ α¯β¯ = ρ−1ωVα
(α¯∂|αβ|Vβ
β¯) ,
2τα¯β¯ =−ρ
−1ω
(
∂αβVα¯β¯
αβ
−5Vα¯β¯
αβ∂αβ lnω
+6Vα¯β¯
αβ∂αβ ln
(
ρ−1ω
))
,
6Z 5¯[α¯,β¯] ≡ 2ξα¯β¯ = ρ−1ω
(
∂αβVαβ
α¯β¯
−5Vαβ
α¯β¯∂αβ lnω
)
,
(12)
We now see that the outer automorphism of SL(4)
Vα
α¯
←→
(
V −T
)
α¯
α , ∂αβ←→ ∂
αβ , (13)
induces a duality on the embedding tensor taking
Mα¯β¯←→ M˜
α¯β¯ , τα¯β¯←→ τ
α¯β¯ , ξα¯β¯←→ ξα¯β¯ , (14)
where we define τα¯β¯ = 12ǫ
α¯β¯γ¯δ¯τγ¯δ¯ and ξα¯β¯ =
1
2ǫα¯β¯γ¯δ¯ξ
γ¯δ¯.
Thus, given a IIA / IIB truncation gauging only the 10’s
and 6’s there is a consistent truncation of IIB / IIA with
the dual gaugings as in (14). Furthermore, from the
Ansatz (8), one can check that the reduction formulae
for the NS-NS sector remains invariant under this dual-
ity. Note that the duality does notmix theories with trom-
bone gaugings and those without.
This structure can also be seen in the half-maximal
theory, where the 10⊕ 10′ ⊕ 6 correspond to the usual
gaugings while the second 6 is the trombone of the half-
maximal theory. As first observed in [22], the quadratic
constraint of the half-maximal theory is invariant under
the duality (14), showing that in the half-maximal the-
ory these gaugings come in pairs of equivalent theories.
Here we realise this as a duality between IIA and IIB trun-
cations, which in the maximal theory have inequivalent
gaugings.
Let us now discuss more general embedding tensors,
where the gaugings are not restricted to lie in the 10’s
and 6’s. Such gaugings can be generated by relaxing the
twist Ansatz (11). In general, such gaugings cannot be
dualised as discussed in more detail in [14]. In particu-
lar, gaugings which involve the 4’s cannot be dualised.
The differential equations governing the gaugings of the
4⊂ 15 and 4⊂ 10 are more restrictive than those govern-
ing the 4′ ⊂ 40′. Thus, while reductions that lead to gaug-
ings in the 4 can be dualised to give gaugings in the 4′, the
reverse is no possible in general. Furthermore, one can
check that unlike exchanging the 10’s and 6’s as in (14),
exchanging 4 ←→ 4′ is not a symmetry of the quadratic
constraint (3).
5 Example: IIA / IIB on S3 and H p,q
Let us revisit the twist matrices of [10] for the consistent
truncation of IIA on S3 and H p,q . In the notation used
here, they correspond exactly to a twistmatrix of the form
(11) and provide gaugings in the 10 ⊂ 15. Thus, the du-
ality discussed above can be used to dualise these trun-
cations to obtain the consistent truncation of IIB on the
same internal spaces. The resulting seven-dimensional
maximal gauged SUGRAs have an embedding tensor in
the 10′ ⊂ 40′ leading to the gauge group CSO(p,q,r )×
(U (1))4−p−q .
6 A no-go theorem
So far we have seen that the 10 ⊂ 15 and 10′ ⊂ 40′ gaug-
ings correspond to H p,q truncations of IIA and IIB, re-
spectively. These are related by the duality (13). A natural
question is whether it is possible to obtain a gauging in
the 10⊂ 15 by a truncation of IIB or equivalently a gaug-
ing in the 10′ ⊂ 40′ by a truncation of IIA.
To answer this question, let us study the consistency
equations (9) again. Assume that we have a IIA gauging,
i.e. only ∂m4 6= 0. Then we find that in order for a gauging
to be uplifted to IIA it must satisfy
W a¯b¯,c¯ Ea¯b¯
54
=W a¯b¯,c¯ Ea¯b¯
4m
= 0, (15)
where
W a¯b¯,c¯ = Z a¯b¯,c¯ −3ǫa¯b¯c¯d¯ e¯τd¯ e¯ , Ea¯b¯
ab
= ρ−1Ua¯b¯
ab . (16)
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This restricts the possible twist matrices given a certain
gauging. In particular let us take M˜ α¯β¯ = ηα¯β¯ as required
for the 10′ ⊂ 40′. If ηα¯β¯ is non-degenerate we find (15)
requires the twist matrix to vanish. Thus, there is no
IIA truncation yielding a non-degenerate gauging in the
10′ ⊂ 40′ and by the duality there is no IIB truncation
with gauging in the 10⊂ 15. For the degenerate case, the
truncation depends on less than three of the internal co-
ordinates so that IIA / IIB coincide.
Let us conclude this section by giving the equivalent
requirement for a gauging to be obtained by a IIB trunca-
tion. This is given by
W a¯b¯,c¯ Ea¯b¯
mn
= 0. (17)
7 Conclusions
We showed how to dualise consistent truncations of
IIA and IIB supergravity to seven-dimensional maximal
gauged SUGRA. The duality is generated by an outer au-
tomorphismof SL(4)≃ Spin(3,3). Using the results of [10]
this allows us to prove the consistent truncation of IIB on
H p,q and deduce its non-linear truncation Ansätze.
The duality leaves the NS-NS sector invariant and
can be used to dualise IIA / IIB truncations with vanish-
ing embedding tensor in the 4′ of SL(4). We also gave a
necessary requirement for a seven-dimensional gauged
SUGRA to be uplifted to IIA / IIB and used this to show
that there is no IIA truncation gauging that 10′ ⊂ 40′ and
by duality no IIB truncation gauging the 10 ⊂ 15. This is
related to the fact that the half-maximal gaugings mixing
these two irreps must violate the section condition [9].
It would be interesting to study this duality in other di-
mensions. For d ≤ 7 the embedding tensor has only one
irreducible component in addition to the trombone. It is
then not immediately clear whether the IIA / IIB trunca-
tionswoulddefine inequivalent lower-dimensional gauged
SUGRAs. An interesting starting point would be trunca-
tions to three dimensions where there are known to be
two inequivalent SO(8) gaugings believed to be related to
S7 truncations of IIA / IIB.
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